TOEPLITZ CAR FLOWS AND TYPE I FACTORIZATIONS 

MASAKI IZUMI AND R. SRINIVASAN 



Abstract. Toeplitz CAR flows are a class of iJo-semigroups including the first 
type III example constructed by R. T. Powers. We show that the Toeplitz CAR 
flows contain uncountably many mutually non cocycle conjugate i?o-semigroups of 
type III. We also generalize the type III criterion for Toeplitz CAR flows employed 
by Powers (and later refined by W. Arveson), and show that Toeplitz CAR flows 
are always either of type I or type III. 



1. Introduction 

The famous E. Wigner's theorem estabhshes that any one parameter group of 
automorphisms {at : t G M} on B{H), the algebra of all bounded operators on 
a separable Hilbert space H, is described by a strongly continuous one-parameter 
unitary group {Ut}, through the relation 

atiX) = AdiUt)iX) = UtXU:, V X G B{H). 

An analogous statement of Wigner's theorem for an i?o-semigroup, a continuous 
semigroup of unit preserving endomorphisms of B[H), would be that the semigroup is 
completely determined by the set of all intertwining semigroup of isometries. That is 
the i?o-semigroup {at : t G (0, oo)} is completely described, up to cocycle conjugacy, 
by the set of all Co-semigroups of isometries {Ut}, satisfying 

at{X)Ut = UtX, \J XeB{H). 

A subclass of £'o-semigroups, where this analogy is indeed true, are called as type 
I i?o-semigroups. But due to the existence of type II and type III i?o-semigroups 
in abundance, it is well known by now that such an analogy does not hold for Eq- 
semigroups in general. 

In pH!], Powers raised the question whether such an intertwining semigroup of 
isometries always exists for any given i?o-semigroup. Later in 1987, he answered 
this question (see [12j) in negative, by constructing an i?o-semigroup without any 
intertwining semigroup of isometries. This is the first example of what is called as 
a type III E'o-semigroup. For quite some time this was the only known example of 
a type III i?o-semigroup, even though it was conjectured that there are uncountably 
many type III ii^o-semigroups, which are mutually non cocycle conjugate. In 2000, B. 
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Tsirelson constructed a one-parameter family of nonisomorphic product systems of 
type III (see [IS]). Using previous results of Arveson [3|, this leads to the existence 
of uncountably many i?o-semigroups of type III, which are mutually non cocycle 
conjugate. Since then there has been a flurry of activity along this direction (see ^5j, 
[7] and [9]). 

In this paper, we turn our attention to the first example of a type III i?o-semigroup 
produced by Powers, which can be constructed on the type I factor obtained through 
the GNS construction of the CAR algebra corresponding to a (non-vacuum) quasi- 
free state. Although his purpose in [12] is to construct a single type III example, 
his construction is rather general, and it could produce several i^^o-semigroups, by 
varying the associated quasi-free states. However, it is not at all clear whether they 
contain more than one cocycle conjugacy classes of type III -Eo-s^migroups. As is 
emphasized in Arveson's book [5", Chapter 13], the 2-point function of Powers' quasi- 
free state is given by a Toeplitz operator whose symbol is a matrix-valued function 
with a very subtle property. Arveson clarified the role of the Toeplitz operator in 
Powers' construction, and gave the most general form of the symbols for which the 
same construction works. We refer to the i?o-semigroups obtained in this way as 
the Toeplitz CAR-flows. Arveson also made a refinement of a sufficient condition 
obtained by Powers for the Toeplitz CAR flows to be of type III. 

One of our main purposes in this paper is to show that there exist uncountably 
many cocycle conjugacy classes of type III Toeplitz CAR flows. More precisely, we 
explicitly give a one parameter family of symbols, including Powers' one, that give 
rise to mutually non cocycle conjugate type III examples. We also generalize Powers 
and Arveson's type III criterion mentioned above, and give a necessary and sufficient 
condition in full generality, which solves Arveson's problem raised in ^ p. 417]. In 
particular, our result says that Toeplitz CAR flows are always either of type I or of 
type III, which is a CAR version of the same result obtained in [5] (see also [8] and 
[9 1) for product systems arising from sum systems, or equivalently, generalized CCR 
flows. 

As in our previous work [9], we employ the local von Neumann algebras of an 
i^o-semigroup as a classiflcation invariant. In we computed the type of the von 
Neumann algebras corresponding to bounded open subsets of (0, oo) for a class of 
generalized CCR flows. The key fact in our previous computation is that the von 
Neumann algebras in question always arise from quasi-free representations of the 
Weyl algebra. Since an analogous statement does not seem to be true in the case of 
Toeplitz CAR flows (even if the usual twisting operation in the duality for the CAR 
algebra is taken into account), we have to take an alternative approach. For this 
reason, we use the notion of a type I factorization, introduced by H. Araki and J. 
Woods fT] , consisting of the local von Neumann algebras corresponding to a countable 
partition of a flnite interval. For each flxed such partition, whether the associated 
type I factorization is a complete atomic Boolean algebra of type I factors or not is 
a cocycle conjugacy invariant of type III i?o-semigroups. 
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2. Preliminaries. 
We use the following notation throughout the paper. 

For a family of von Neumann algebras {Ai\}x^A acting on the same Hilbert space 
H, we denote by Vasa-^a the von Neumann algebra generated by their union 
UasA'^a- ^^^^ always denote by 1 either the identity element in a C*-algebra or 
the identity operator on a Hilbert space. When we need to specify the C*-algebra 21 
or the Hilbert space H, we use the symbols 1% or 1^ respectively. 

For a bounded positive operator A on a Hilbert space H, we denote by tr(A) the 
usual trace of A, which could be infinite. For X G B{H), we denote its Hilbert- 
Schmidt norm by ||X||h.s. = tT{X*Xy/\ 

For a tempered distribution / on M, we denote by / the Fourier transform of / 
with normalization 

fip) = [ fix)e-'P^dx, f E L\R). 

jR 

For an open set O C M, we denote by 'D{0) the set of smooth functions with compact 
support. For a measurable set C M, we denote by \E\ and xe its Lebesgue measure 
and its characteristic function respectively. 

2.1. i?o-semigroups and product systems. We briefly recall basics of i?o-semigroups 
and product systems. The reader is referred to Arveson's monograph for details. 

Definition 2.1. Let be a separable Hilbert space. A family of unital *-endomorphisms 
a = {at}t>o of B{H) is an ii^o-semigroup if 

(i) The semigroup relation o aj = ag+t holds for W s,t E (0, oc) and ao = id. 

(ii) The map t i— > {at{X)^, rj) is continuous for every fixed X G B{H), ^, r/ G if. 

For an i?o-semigroup a = {at}t>o and positive t, we set 

Sait) = {Te B{H); at{X)T = TX, V X G B{H)}, 

which is a Hilbert space with the inner product {T,S)1h = S*T. The system of 
Hilbert spaces £a = {£ait)}t>o satisfies the following axioms of a product system: 

Definition 2.2. A product system of Hilbert spaces is a one parameter family of 
separable complex Hilbert spaces E = {E(t)}t>o, together with unitary operators 

Us,t ■■ E{s) (g) E{t) E{s + t) for s, t G (0, oo), 

satisfying the following two axioms of associativity and measurability. 
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(i) (Associativity) For any Si, 82,82 G (0, 00), 

(ii) (Measur ability) There exists a countable set of sections 

(0, 00) 3 hte E{t) 

such that t ^ {ht,h'f-) is measurable for any two h,h' G E^, and the set 
{ht; h G E^} is total in E[t), for each t G (0, 00). Further it is also assumed 
that the map (s, t) 1— >• {Us,t{hs®ht), /i's+j) is measurable for any two h, h' G 

Two product systems {{E{t)},{Us,t}) and {{E'{t)},{U'g f}) are said to be isomor- 
phic if there exists a unitary operator Vt : E{t) — > E{ty, for each t G (0, 00) satisfying 

Vs+tUs,t^Ui/V,^Vt). 

Arveson showed that every product system is isomorphic to a product system 
arising from an i^o-semigroup, and that two E'o-semigroups a and (3 are cocycle 
conjugate if and only if the corresponding product systems Sa and are isomorphic. 

For a fixed positive number a and for < s < t < a, we define the local von 
Neumann algebra A^is^t) C B(E{a)) for the interval (s,i) by 

where Us,t-s,a-t = Ut,a-t{Us,t-s ® Is,. J = Us,a-si'^E, ® Ut-s,a-t)- For any open subset 
O C [0,a], we set A^{0) = \/ j^qA^{I), where / runs over all intervals contained 
in O. When a = 1, we simply write A^{8,t) for Aa{s,t). When E — we often 
identify B(E(a)) with B[H) (1 aa{B{H)y . When wc need to distinguished them, we 
denote by cr the isomorphism from B{H) r\aa{B{H))' onto .4.^(0, a) given by the left 
multiplication. By this identification, the inclusion A^{s,t) C B{E{a)) is identified 
with 

as{B{H) n at-s{B{H)y) C B{H) n aa{B{H)y. 

In what follows, we often omit Us,t, and simply write xy instead of Us,t{x ® y) if 
there is no possibility of confusion. 

Definition 2.3. A unit for a product system is a non-zero section 

u^{ute Et;t > 0}, 
such that the map i 1— > {ut, ht) is measurable for any h & E^ and 

UgUt = Us+t, Vs, t G (0, 00). 

In order to avoid possible confusion, we refer to the condition = 1 for a vector 
X G E{t) as "normalized" instead of "unit" throughout the paper. An intertwin- 
ing Co-semigroup of isometries of an £'o-semigroup a is naturally identified with a 
normalized unit for £0,. 
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A product system (i?o- semigroup) is said to be of type I, if units exist for the 
product system and they generate the product system, i.e. for any fixed t G (0, oo), 
the set 

n 
i=l 

is a total set in Et, where Ue is the set of all units. It is of type II if units exist but 
they do not generate the product system. An i?o-semigroup is said to be spatial if it 
is either of type I or type II. We say a product system to be of type III, or unitless, 
if there does not exist any unit. 

Type I product systems are further classified into type I„,n = 1,2,-- - ,00, accord- 
ing to their indices n. There exists only one isomorphism class of type /„ product 
systems. 

We recall V. Liebscher's useful criterion [101 Corollary 7.7] for isomorphic product 
systems in terms of the local von Neumann algebras. 

Theorem 2.4 (Liebscher). Let E and F be product systems. If there is an isomor- 
phism p from B{E{1)) onto B{F{1)) such that p{A^{0,t)) = A^{0,t) fort in a dense 
subset of (0, 1), then E and F are isomorphic. 

2.2. Type I factorizations. In this subsection, we introduce a new classification 
invariant for type III product systems using the notion of type I factorizations in- 
troduced by Araki and Woods [Ij. Throughout this subsection, every index set is 
assumed to be countable, and every Hilbert space is assumed to be separable. 

Definition 2.5. Let H he a. Hilbert space. We say that a family of type I subfactors 
{M.\}\eA of B{H) is a type I factorization of B{H) if 

(i) M\ C M'^ for any A, /i G A with A 7^ /i, 

(ii) B{H) = \J^^^Mx. 

We say that a type I factorization {A^aIasa is a complete atomic Boolean algebra of 
type I factors (abbreviated as CABATIF) if for any subset F C A, the von Neumann 
algebra VAer-^A is a type I factor. 

Two type I factorizations {A^aIaga of B{H) and {A/'^jj^jeA' of B{H') are said to 
be unitarily equivalent if there exist a unitary U from H onto H' and a bijection 
(T : A A' such that UMxU* = Af^^x)- 

Example 2.6. Let E he a product system, and let {a„}5^Q be a strictly increasing 
sequence of non-negative numbers starting from and converging to a < 00. Then 
{^f (a„, a„_(.i)}^Q is a type I factorization of B{E{a)) because 

BiE{a))= V ^f(0,t) 

0<t<a 

holds (see [H Proposition 4.2.1]). For a fixed sequence as above, the unitary equiva- 
lence class of the type I factorization {Aaicin, an+i)}^o i^ an isomorphism invariant 
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of the product system E. In particular, whether it is a CABATIF or not will be 
used to distinguish concrete type III examples in Section O As we will see now, this 
invariant may be useful only in the type III case. 

When {A4x}xeA is a type I factorization of B{H), we say that a non-zero vector 
^ is factorizable if for any A, there exists a minimal projection px of Aix such that 
Px^ = e 

Araki and Woods characterized a CABATIF as a type I factorization with a fac- 
torizable vector. Since we need a more precise statement, we briefly recall basics of 
the incomplete tensor product space (abbreviated as ITPS) now. 

Let {{Hx, ^A)}AeA be a family of Hilbert spaces Hx with normalized vectors ^ Hx- 
Let J-'{A) be the set of all finite subsets of A, which is a directed set with respect to 
the inclusion relation. For Fi,F2 G J-'{A) with Fi C F2, we introduce an isometric 
embedding Vpi.Fa from (^^eFi ^x into <S>xeF2 t)y 

Then the ITPS 

H = (^(^^^)Hx 
AeA 

of the Hilbert spaces {Hx}x£A, with respect to the reference vectors {^aIasa, is the 
completion of the direct limit of the directed family {^^^p Hx}f£J^{A)- When there 
is no possibility of confusion, we omit the superscript (®^a) for simplicity. We denote 
by Vp^oo the canonical embedding of <S>xeF -^a into H. 

The product vector = <S)xeA^^ E H is understood as Vf,oo (S^asf^^' which does 
not depend on F G ^(A). More generally, if {rix}xeA, V\ ^ Hx, is a family of vectors 
such that < YlxeA WvxW < cxd, and 

K^A,6) - 1| < 00, 

AeA 

then the net {Vp^oo (S^AeF ^a} FeJ^(A) converges in H. The product vector r] = <S)xeA 
is defined as its limit. Two product vectors t] = (S^AeA^A and ( = <S)xeA(^ satisfy 

AeA 

For a subset Ai C A, we often identify (^^^j^Hx with 

((8)^a)®( (g) H,) 

AeAi ^eA\Ai 

in a canonical way. When Ai consists of only one point A, we set 

Mx:=BiHx)^Cl^.cBiH). 
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Then {A^aIasA is a CABATIF. Any type I factorization unitarily equivalent to this 
{-^aIaga is said to be a tensor product factorization. Note that there is only one 
tensor product factorization, up to unitary equivalence, with each constituent type I 
factor infinite dimensional. 

One can find the following theorem in ^ Lemma 4.3, Theorem 4.1]. 

Theorem 2.7 (Araki- Woods) . A type I factorization is a CABATIF if and only if 
it has a factorizable vector. When this condition holds, then it is a tensor product 
factorization. 

When a product system E has a unit, then it gives a factorizable vector of the type 
I factorization {^^(a^, a„+i)}^Q in Example 12. 6[ which is necessarily a CABATIF 
thanks to Theorem 12.71 

We use the following lemma in Section HI 

Lemma 2.8. Let H = I^^^^Hx be the ITPS of Hilbert spaces {Hx}xeA with respect 
to reference vectors {^x}\eA, and let 

PA : B{Hx) 3X^X® 1®^^^h, G Mx 

be the canonical isomorphism. Let R G B{H) be a self-adjoint unitary such that 
RM-xR* = -M-x for all A G A. Then there exist self-adjoint unitaries Rx G B{Hx) 
and a product vector rj = <S)xeA such that 

(i) for VA G A and VX G Mx, 

px{Rx)Xpx{R*x)=RXR\ 

(ii) RxVx = Vx for VA G A, 

(iii) either Rrj = rj or Rrj = —rj. 

Proof. Since the restriction of Ad-R to M.x is an automorphism of period two and 
M.X is a type I factor, there exist self-adjoint unitaries Rx G B{Hx) such that 

Px{Rx)Xpx{Rl) = RXR*, VX g Mx- 

By replacing Rx with — _Ra if necessary, we may assume {Rx^x,^x) > for VA G A. 
Let ^ = (S^AeA^A, and let px G Mx be the minimal projection satisfying pxC = 
Then gA = RpxR* is a minimal projection of Mx satisfying qxR^ = R^, and so R^ is 
a factorizable vector. The proof of [Ij Lemma 3.2] shows that there exist a complex 
number c of modulus 1 and normalized vectors (x £ Hx such that R^ = a <S>x£A Ca 
and (Ca,^a) > for VA G A. Since gA = Px{Rx)pxPx{R*x) y normalized vector (x is 
a scalar multiple of -Ra^a- Let 

Ao = {AgA; (CA,eA) = 0}, 

and Ai = A \ Aq. Then Aq is a finite set. The two conditions {Rx^x,^x) > and 
(Ca,^a) > imply that for any A G Ai, we actually have -Ra^a = Ca- Let Qx be the 
spectral projection of Rx corresponding to eigenvalue 1. Then since Rx = 2Qx — 1, 
we have {Cx,^x) = 2{Qx^x,^x) - 1- 
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For A G Aq, by replacing Rx with — -Ra if necessary, we can find a normalized vector 
r]x e Hx satisfying Rxr]x = rjx- For A G Ai, we set rjx = Qx^x- Then 



,2 , 1 + (Ca,6) 



I^aII =(^a,6) 



2 

This shows that the product vector (S'aga'^a ^ H exists and -Ra^a = ''7a- 

It only remains to show (iii). Let ex G B[Hx) be the projection onto Crix- Then the 
proof of p4 Lemma 3.2] shows that the net {YIx^f P>^(^>^)}p'^^W strongly converges 
to the projection e G B{H) onto Ct]. Since ReR* = e and i? is a self-adjoint unitary, 
we get either Rt] = t] or Rrj = —rj. □ 

2.3. Quasi-free representations of the CAR algebra. We recall some of the 
well-known results about quasi-free representations of the algebra of canonical anti- 
commutation relations (called as CAR algebra). 

Let i^' be a complex Hilbert space. We denote by Ql{K) the CAR algebra over 
K, which is the universal C*-algebra generated by {a{x)] x G K}, determined by the 
linear map x ^ a{x) satisfying the CAR relations: 

a{x)a{y) + a{y)a{x) = 0, 
a{x)a{yy + a{y)*a{x) = {x,y)l, 

for all x,y & K. Since ^{K) is known to be simple, any set of operators satisfying 
the CAR relations generates a C*-algebra canonically isomorphic to 'Qi{K). 

For any state if of ^{K), there exists a unique positive contraction A G B{K) 
satisfying ip{a{f)a{g)*) = {Af,g) for V/, (? G K. We call A the covariance operator 
(or 2-point function) of (p. 

A quasi-free state oja on 2l(-ft'), associated with a positive contraction A G B{K), 
is the state whose [n, m)-point functions are determined by its 2-point function as 

UAia{xn) ■ ■ ■ a{xi)a{yiy ■ ■ ■ a{y^y) = 5n,m det{{Axi, yj)), 

where det(-) denotes the determinant of a matrix. Given a positive contraction, it 
is a fact that such a state always exists and is uniquely determined by the above 
relation. This is usually called as the gauge invariant quasi-free state (or generalized 
free state). Since we will be dealing only with gauge invariant quasi- free states, we 
just call them as quasi- free states. 

We denote by (if^, tt^i, i^^) the GNS triple associated with a quasi-free state uja 
on 2l(i^), and set Ma '■= T^Ai^iK))" . We call ha the quasi-free representation 
associated with A. 

Recall that two representations tti and 712 of a C*-algebra 21 are said to be quasi- 
equivalent if there is a *-isomorphism of von Neumann algebras 

9 : 7ri(2l)" ^ 712(21)" 

satisfying 6'(7ri(X)) = tt2{X) for all X G 21. Two states are said to be quasi-equivalent 
if their GNS representations are quasi-equivalent. 
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We now summarize standard results on quasi-free states. For the proofs, the reader 
is referred to ^ ChapterlS], [121 Section II], and references therein. 

Theorem 2.9. Let K be a Hilbert space, let P G B[K) he a projection, and let 
A,B& B{K) be positive contractions. 

(i) Every quasi-free state uja of the CAR algebra %{K) is a factor state, that is, 
the von Neumann algebra M.a is a factor. 

(ii) The restriction of the GNS representation tta to %{PK) is quasi-equivalent to 
the GNS representation it pap ofQl{PK), where PAP is regarded as a positive 
contraction of PK. 

(iii) The quasi-free state uja is of type I if and only iftT{A — A"^) < oo. 

(iv) The two quasi-free states uja and ujb are quasi- equivalent if and only if both 
operators A^/"^ - B^/^ and {1 - A)^/^ - {1 - B)^/^ are Hzlbert- Schmidt. 

(v) The two quasi- free states uja and uop are quasi- equivalent if and only if 

tr (P(l - A)P + (1 - P)A{1 - P)) < oo. 

We frequently use the following criterion, which is more or less (v) above. 

Lemma 2.10. Let A,Be B{K) be positive contractions. We assume that uop is a 
type I state. Then the two quasi-free states uja and uob are quasi- equivalent if and 
only if 

tr (5(1 - A)B + (1 - B)A{1 - B)) < oo. 

Proof. Let P be the spectral projection of B corresponding to the interval [1/2, 1]. 
Since is a type I state. Theorem [2]9l (iii), (iv) imply that P — B is a, trace class 
operator, and ojp and ujb are quasi-equivalent. Thus oja and ojp are quasi-equivalent 
if and only if uja and up are quasi-equivalent, which is further equivalent to 

tr (P(l - A)P + (1 - P)A{1 - P)) < oo, 

thanks to Theorem 12. 9K v). Now the statement follows from the fact that P — i? is a 
trace class operator. □ 

Let 7 be the period two automorphism of ^{K) determined by 7(a(/)) = —a{f) 
for V/ G K. Since any quasi-free state ua is invariant under 7, the automorphism 
7 extends to a period two automorphism 7 of the von Neumann algebra A4a- For 
a Z/2Z-grading of 'Qi{K) (respectively A^a), we always refer to the one coming from 
7 (respectively 7) . When there is no possibility of confusion, we abuse the notation 
and use the same symbol 7 for 7. 

Let ua be a type I state. Then since every automorphism of a type I factor is 
inner, there exists a self-adjoint unitary G 71^(21)" satisfying AdR^{X) = 7(X) 
for all X G AiA- The operator R'^ is uniquely determined up to a multiple of — 1. 
In the same way, for every closed subspace L d K such that the restriction of tta 
to 2l(L) is of type I, there exists a self-adjoint unitary Pf G 7rA(2l(L))" satisfying 
AdPf (X) = 7(X) for all X G 7rA(2l(L))". For each L, we fix such Pf , which itself is 
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an even operator with respect to 7. When Li and L2 are mutually orthogonal closed 
subspaces of K satisfying the above condition, then we have 

— ^ — ^ p^ p^ 

where eLi.La ^ {1, -1}. 

When uja is of type I, the family of operators {i'KA{ci{f))R^] f G K} also sat- 
isfies the CAR relation. We denote by vr^ the representation of 'Ql{K) determined 
by 7r^(a(/)) = mA{,ci{f))R^ for all f E K, and call it the twisted representation 
associated with uja- Note that the two representations tta and vr^ coincides on the 
even part of ^{K). 

Lemma 2.11. Let uja be a type I quasi-free state of'Q\.{K). 

(i) For any subspace L G K, 

MAnnAmi))' = 7r\mL^)r. 

(ii) Let U = ^(1 - iR^) G Ma- Then 

U'Ka{X)U* = 7r^(X) 

holds for allX e ^{K). 

Proof, (i) Let Q be the spectral projection of A corresponding to the interval [1/2, 1]. 
Then tta and ttq are quasi-equivalent, and we may assume that A is a projection for 
the proof by replacing A with Q if necessary. Now the statement follows from the 
twisted duality theorem [6, Theorem 2.4]. 

(ii) This follows from a direct computation (or [6, Proposition 2.3]). □ 

As in pr2], we also need to use a few facts about general factor states of Qi{K). 
Lemma 2.12. Let A be the covariance operator of a state if of^{K). Then, 

(i) If A is a projection, then (f is the pure state uja- 

(ii) If ip is quasi- equivalent to a quasi-free state ub, then A — B is compact. 

Proof, (i) See, for example, [21 Lemma 4.3]. 

(ii) The statement follows from [H Theorem 13. L3]. □ 

2.4. Toeplitz CAR flows. Let V be an isometry of a Hilbert space K. Then we 
have an endomorphism p of 2l(i^) determined by p{a{f)) = a{Vf ) for all f G K. For a 
positive contraction A, the composition vr^op gives a representation of ^{K), which is 
quasi-equivalent to ttv*av thanks to Theorem l2.9l (ii). Thus if both A^^"^ — {V*AVy^'^ 
and (1 — A)^/^ — (1 — V*AVy^'^ are Hilbert-Schmidt operators, then p extends to 
an endomorphism of the von Neumann algebra A4a- In particular, if A satisfies 
ti^A — A"^) < 00 and {Vt}t>o is a strongly continuous semigroup of isometrics on K 
satisfying the above condition for Vt in place of V, then we get an ii^o-semigroup. 
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In what follows, we assume K = L^((0, oo), C^), and that {St}t>o is the shift 
semigroup 

Stfix) = ( °' . 0<x<t, 
I /(x - t), t < X. 

In his attempt to clarify Powers' construction [12] of the first example of a type 
III i?o-semigroup, Arveson ^ Section 13.3] determined the most general form of a 
positive contraction A G B{K) satisfying ii{A — A^) < oo and S^ASt = A for all t, 
which we state now. 

We regard as a closed subspace of K := L^(M, C^), and we denote by P+ the 
projection from K onto K. We often identify B{K) with P^B{K)P+. 

We denote by MAr(C) the N hj N matrix algebra. For $ G MAf(C), we 

define the corresponding Fourier multiplier C$ G B{K) by 

Then the Toeplitz operator T$ G B{K) and the Hankel operator iJ$ G B{K,K-^) 
with the symbol $ are defined by 

T^f = P+C^f, feK, 

H^f = {l^-P+)C^f, feK. 

Theorem 2.13 (Arveson). Let K = L^((0, oo), C^). A positive contraction A G 
B{K) satisfies ii{A — A^) < oo and S^ASt = A if and only if there exists a projection 
$ G L°°(R) MAr(C) satisfying the following two conditions: 

(i) A = n, 

(ii) i/ie Hankel operator Hq, is Hilbert- Schmidt. 

We call the symbol $ satisfying the condition of Theorem 12.131 as admissible. 

Let $ G L°°(R) ®M7v(C) be a projection. Arveson briefly mentioned in [H p. 401], 
without giving a proof, that the condition (ii) of Theorem 12.131 holds if and only if the 
Fourier transform $(x) (in distribution sense) restricted to M \ {0} is locally square 
integrable and 

sup / |x| tr(|<l>(x)p)(ix < oo. 

<S>0 J\x\>5 

He also observed that any admissible symbol is necessarily quasi-continuous, though 
he used only the fact that is a compact operator. Now, first we figure out the 
most suitable function space for the admissible symbols without using the Fourier 
transform, and then we give a proof to the above characterization in terms of the 
Fourier transform. We will see similarity between admissible symbols and logarithm 
of spectral density functions of off-white noises discussed in [T7] . 



12 



MASAKI IZUMI AND R. SRINIVASAN 



We denote by T the unit circle in C Let U be the unitary from L^(R) onto 
L^(T, ^) induced by the change of variables 



e 



p — I 



(since the Fourier transform f{p) oi f (z K has analytic continuation to the lower 
half-plane, we need a conformal transformation between the unit disk and the lower 
half-plane). Let F be the unitaries associated with the Fourier transform. Then the 
Hankel operator H<^ is transformed to the Hankel operator for T by UF, where 
$ and are related by 0(e**) = (see for example, [TTl Section 3]). Let (pijip) be 
the matrix element of 0(p). Since 0(e**) is a projection, the Hankel operator is 
Hilbert-Schmidt if and only if H^.. and H— are Hilbert-Schmidt for all i < j. 

It is easy to see that the Hankel operators Hh and Hj^ for h G L°°(T) are Hilbert- 

-1 /o 

Schmidt if and only if h is in the Sobolev space (T), that IS 

^|n||/i(n)|2 < oo, 

where h{n) is the Fourier coefficient 

h{n) = — [ /i(e**)e-*"*dt. 
2vr Jo 

1 /2 

This is further equivalent to the condition that h belongs to the Besov space i?2 2 C^) 
because 

2n i.2n ^^^^s^ _ ^^^t^\2 ^ r2. .2. \h{e'{s+t)^ _ h{e'')W 

(JjoUjL — / / I : ^ I „ (J/LCto 



e . n . n e -L 



^0 F I JO JO 

2lT 



|2 







47^2^|n||Mr^)P 



As was done in [T7| Section 3], we can translate this condition back into that for 
functions on M. Now we see that the Hankel operator if<j, with a projection $ G 
L°°(M) ® Mn{C) is Hilbert-Schmidt if and only if 

tr(|$(p)-$(g)|2) 

, dpdq < oo. 

b- 

Although the following lemma may be found in the literature of Besov spaces, for 
the reader's convenience, we give a proof to the first part, (i) and (ii) are essentially 
due to Tsirelson [TTl Proposition 3,6]. 

Lemma 2.14. Letiplp) be a measurable function onR giving a tempered distribution, 
and let < II < 1 . Then the following two conditions are equivalent: 
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(1) The function ip satisfies 



I 



-dpdq < oo. 



(2) There exists a measurable function ipoix) on M such that 

\x\'^\il)o{x)\'^dx < oo, 



/ 

Jr 



and xip{x) = xijjo{x) as distributions. 
Moreover, 

(i) If ip satisfies the conditions (1),(2), then 

Jr \Pr 

(ii) // ip is an even differentiable function satisfying 

\'^'{p)\'^\p\'^~^dp < oo, 



then ip satisfies the conditions (1),(2). 

Proof. Assume that (1) holds. Since the condition (1) is written as 

\tpip + q} - tiq}^^ 



\P 



-dqdp < oo. 



the function q i— > ip{p + q) — ip{q) is square integrable for almost all p e IR, and so 
is the distribution (e*^^ — l)ip{x) by the Plancherel theorem. This shows that the 
restriction of ijj to D(M \ {0}) is given by a locally square integrable function on 
M \ {0}, say ipo{x), and that for almost all p e M, the equation 

(2.1) {e'P'' - l)i){x) = {e'P'' - 

holds as distributions in the variable x. In the above, we regards ipo{x) as a measur- 
able function on R by setting V'o(O) = 0. Now the Plancherel formula implies 




Jr Jr \p\ 

21-M r „.„2 



Jr rl^'^'* Jr 



This implies the convergence of the integral in (2), which shows that x-4jo{x) is a 
tempered distribution. Since the support of xil^{x) — xipo{x) is contained in {0}, we 
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have 

X1p{x) - X1po{x) = ^Cfc^i 



n 

)f (X) 

fc=0 



where G C and 60 is the Dirac mass at 0. We choose p 7^ such that (12. ip holds, 
and set 

X ^ 0, 



X 



ip, X = 



h{x) = 
Then 

n 

= (e^f^-i)(^(a;)-^o(a;)) = h{x){xtlj{x) - x^Joix)) = J2(^kh{x)6^o\x)■ 
k=o 

It is routine work to show = for all k from this and h{0) 7^ 0, and we get (2). 

By tracing back the same computation as above, we can also show the implication 
from (2) to (1). 

(i) and (ii) are essentially [171 Proposition 3,6]. □ 

Summarizing our argument so far, we get 

Theorem 2.15. Let $ G L°°(M) Cg> Mjv(C) be a projection. Then the following three 
conditions are equivalent: 

(1) The symbol $ is admissible. 

(2) 

tr(|<l>(p) - <l>(g)p^ 



dpdq < 00. 



|p — 

(3) There exists a MN{C)-valued measurable function $0(2;) on M such that 

\x\ tr(|<lo(a;)p)(ix < 00, 



and x^{x) = x^q{x) as M^{<C)-valued distributions. 
Moreover, 

(i) // $ is admissible, then 

[ tr(|$(2p)-$(p)p)^<oo. 

Jr \p\ 

(ii) // $ is an even differentiable function satisfying 

POO 

/ ti{\^' {p)f)pdp < 00, 
^0 

then $ is admissible. 



TOEPLITZ CAR FLOWS AND TYPE I FACTORIZATIONS 



15 



Remark 2.16. For an admissible symbol $, we call $o in Theorem 12. 15[ (3) the regular 
part of ^. It is not clear whether $o gives a distribution on M in general. However, 
when it is the case, e.g. $0 G L^(]R) ® M^iC), then we have $ = $0 + 5o ® <5 for 
some Q G Mjv(C). 

Definition 2.17. Let $ e L°°(R)(g)MAr(C) be an admissible symbol, and let A = T$. 

We denote by a* = {af}t>o the i?o-semigroup acting on the type I factor J^a 
determined by 

af{7CAia{m=7rAiaiSJ)), WfeK. 
We call a* the ToepUtz CAR flow associated with the symbol 

For a Toeplitz CAR flow a*, we simply denote := £^q,« and Aa{I) '■= ^f*(/). 

Example 2.18. When $ G Mjv(C) is a constant projection, the corresponding 
Toeplitz CAR flow is nothing but the CAR flow of index N, which gives the unique 
cocycle conjugacy class of type Iat i?o-semigroups. 

Example 2.19. Powers' first example of a type III £'o-semigroup is the Toeplitz 
CAR flow associated with the symbol 




where 9{p) = (1 + p^) More generally, if 9{p) is a real differentiable function 
satisfying 6{—p) = 6{p) for Vp G M and 

/•oo 

/ \9'{p)\'^pdp < 00, 
Jo 

then Theorem 12. 151 shows that the symbol $ as above is admissible. In Section we 
will show that for < < 1/4, the symbols $1,, given by 0^{p) = (1 + p'^)~'^ in place 
of 9{p) above, give rise to mutually non cocycle conjugate type III ii^o-semigroups. 

We summarize a few facts frequently used in this paper in the next lemma. For a 
measurable subset C M, we set Ke = L'^{E, C^). We denote by Pe the projection 
from K onto Ke- When / C (0, 00), we often regard Pj as an element of B{K). For 
simplicity, we write Kt = -ft'(o,t) and Pt = P{o,t) for t > 0. 

Lemma 2.20. Let $ G L°°(]R) (g) Mn{C) be an admissible symbol, and let $0 be the 
regular part of ^. We set A = T^. 

(i) The relative commutant Ma n af (TW^)' is 7r^(2t(Ki))". 

(ii) Let I and J be mutually disjoint two open sets in M. We assume that I and 
J have only finitely many connected components. Then PjdpPj is a Hilbert- 
Schmidt operator with Hilbert- Schmidt norm 

WPjC^PiWls. = ^JjiJ + t)ni\ tr(|<lo(t)r)rft 
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(iii) Let I C (0, oo) be an open (finite or infinite) interval. Then the restriction of 
tta to ^{Kj) is of type I, and the commutator [C$,P/] is Hilbert- Schmidt. 

Proof, (i) The statement follows Lemma [2.1lK i). 

(ii) Let / G V{I, C^) and g e V{J, C^). Then 

^ I f . ^ 1 f 

i(''i:f-!J) = J2^ Hp)ijfjip)9iiP)dp= Hp)ijfj*9*ip)dp, 
i,j=i i,j=i -^^ 

where gf{x) = gi{—x). Since fj * gf G T'(M \ {0}), we get 

N 



= y^TT ^o{y - x)ijfj{y)gi{x)dxdy. 

Since Xj{^)Xi{y)^o{y ~ ^) is square integrable (as we will see below), the operator 
PjC<i>Pi is Hilbert-Schmidt, and its Hilbert-Schmidt norm is 

^ ^ xj{x)xi{y)H\%{y-x)\^)dxdy = /|(J + t)n/|tr(|<lo(t)|')rft 



47r2 J^2 47r2 

< oo, 

where we use Theorem 12. 15[ (3) . 

(iii) Applying (ii) to I and J = M\/, we see that {Ij^ — Pi)C^Pi is Hilbert-Schmidt. 
This and Theorem I2.9l (ii).(iii) show the first statement. Since 

Pi] = (1^ - Pi)C^Pi - PiC^{Ik - Pi), 
the commutator [C$,P/] is Hilbert-Schmidt. □ 

3. A DICHOTOMY THEOREM 



Based on Powers' argument in [12], Arveson proved the following type III criterion 
in |H Theorem 13.6.1]: 

Theorem 3.1 ( Arveson-Powers) . Let $ G L°°(R) ® Mn[C) be an admissible symbol 
having the limit 

$(oo) := lim <l>(p). 

|p|-^oo 

// the Toeplitz CAR flow a* is spatial, then 

/ tr(|<l>(p) - <i>{oo)\^)dp < oo. 
Jr 



The purpose of this section is to generalize Theorem 13. 11 and to show the following 
dichotomy theorem, which can be considered as an analogue of [5l Theorem 39]. 
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Theorem 3.2. Let $ G L°°(]R) (8>MAr(C) be an admissible symbol. Then the following 
conditions are equivalent: 

(i) The Toeplitz CAR flow a* is of type In- 

(ii) The Toeplitz CAR flow a* is spatial. 

(iii) There exists a projection Q G M^i^C) satisfying 



In particular, every Toeplitz CAR flow is either of type I or type III. 

The imphcation from (i) to (ii) is trivial. That from (ii) to (iii) is a generalization of 
Theorem l3.1[ Although we follow the same strategy as in the proof of Theorem 13. we 
will make a significant simplification of the argument using Arveson's classification 
of type I product systems (see Lemma 13.51 below), which allows us to obtain the 
statement of this form. Since a'^ with a constant projection Q G Mj\f{<C) is of type 
In, the implication from (iii) to (i) follows from a L^-perturbation theorem stated 
below, which can be considered as an analogue of [9], Theorem 7.4,(1)]. 

Theorem 3.3. Let $, ^ G L°^(M) ® MAr(C) be admissible symbols. If 



then a and a are cocycle conjugate. 

We first give a representation theoretical consequence of the above square integra- 
bility condition. 

Lemma 3.4. Let $, ^ G L°^{R) (g) MAr(C) be admissible symbols. We set A = T^ 
and B = Tij,. Then 



if and only if for any (some) non- degenerate finite interval I C (0,oo), the two 
quasi-free states lupjAPj and ujpjBPi of^{Kj) are quasi- equivalent. 

Proof. Thanks to Lemma [2. 101 the two states ojpjAPi and up^bpi are quasi-equivalent 
if and only if the following quantity is finite: 



tr (^PjC^PjCi^<j,P[C^Pj + PjCi^^PfCqiPjCi^^Pj^ 
= tr (Ci_<ii(P/C(i>P/)^Ci_iii + Cii((PfCi„.(i)P/)^Cii() . 

Since PiAPj — (PjAPj)"^ and PjBPj — {PjBPj)^ are trace class operators (see The- 
orem I2.9l (iii) and Lemma I2.20l (iii)). we can replace {PiCq>PiY with PjC^yPj and 
{PiCi-i^PiY with PiCi-^Pi in the above formula, and we get 






tr 



C$P/Cl_^||j£ g + ||Cl_$P/C$||fj g . 
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Since the commutators [Ci_,t,Pf] and [C^,Pj] are Hilbert-Schmidt (see Lemma 
I2.2m (iii)). the right-hand side is finite if and only if 

||C$(i_^)P/||h.s. + I|C'(i-<i.)-^-P/||h.s. 
is finite. [H Proposition 13.4.1] shows that this is equal to 

j/I / tr(|$(p)-^(p)nrfp, 

and we get the statement. □ 



Proof of Theorem \3.3[ Assume that $ — \E' is square integrable. Let A = T$ and 
B = T^. We will apply Theorem 12.41 to E = £q, and F = E^,, and show that a* and 
are cocycle conjugate. 

Thanks to Lemma 13.41 the two representations it a and ttb are quasi-equivalent 
when they are restricted to 2t(ii'i). This implies that there exists an isomorphism po 
from 7r^(2t(iri))" onto T^smK^))" satisfying po{ti aW))) = tibW)) for V/ G K^. 
Since po preserves the grading, we may assume po(-R^J = R^^ by replacing R^^ with 
—Rx^ if necessary. We may also assume i?^ = R^^R^^^ and R^ = R^^R^^^ 

We claim that po extends to an isomorphism pi from (7r^(2t(i^'i)) U {R"^})" onto 
rB(2l(iri))U{i?^}; 
7r^(2l(-ft'i)), we have 

(7r^(2l(i^i)) U {i?^})" = —^^t:^{^{K,))" ® ^^^^[^[K,))" 

For the same reason, 

(7rs(2t(/^i)) U {R^})" = ll^pl^rrsmKi))" © ^ ~ 7r^(2t(^i)r, 

and so po extends to pi satisfying pi{R^^^ = pi(R^^^ ^^). In consequence, we have 
pi(i?^) = i?^. 

Let p be the restriction of pi to A^^ fl af (A^^)', which is identified with B{£q,{l)). 
Thanks to Lemma I2.11l (i). it is generated by {7r^(a(/))i?^; / G Ki}. Then the 
image of p is generated by {nB{a{f))R^; f G Ki}, and so it is A^^ fl af (Ai^)', 
which is identified with B{S\i,{l)). In the same way, we can see that p satisfies 
p(^*(0, s)) = ^*(0, s) for any < s < 1. Thus we get the statement from Theorem 
[231 □ 



nBi^{Ki)) U {R^})" satisfying pi(-R^) = R^ . Indeed, since R^ commutes with 

(l,oo) 



Now we start the proof of the implication (ii) =^ (iii) in Theorem 13.21 Recall that 
7 is the grading automorphism 7(7rA(a(/))) = —nA{a{f)). 

Lemma 3.5. Let $ G L°°(R) ® M]y{C) be an admissible symbol. If is spatial, 
then there exists a unit V = {Vt}t>o for a* satisfying 7(V^) = Vt forWt > 0. 



TOEPLITZ CAR FLOWS AND TYPE I FACTORIZATIONS 



19 



Proof. Since 7 commutes with af for Vt > 0, it induces an automorphism of the 
corresponding product system When is of type IIq, it is easy to show the 
statement, and so we assume the index of is not 0. Let E be the subproduct 
system of S^'f generated by the units, and let /3 be the automorphism of E induced 
by 7. Then the statement follows from the following claim: for any period two 
automorphism f] of any type I product system E, there exists a unit of E fixed by 
p. Note that the type I product systems are completely classified, and the action of 
Aut{E) on the set of units Ue is well-known (see |3l Section 3.8]). 

Let L be a Hilbert space whose dimension is the same as the index of E, and let 
U{L) be the unitary group of L. Then Aut{E) is identified with G/, = M x L x U{L) 
having the group operation 

(A, U) (/i, r],V) = {\ + fi + lm Ur]),^ + Ur,, UV). 

The set Ue together with the Aut(-E)-action on it is identified with C x L with the 
G^-action 

(A, U) . (a, r/) = (a + ^A - ^ - (f/r^, ^),i + Ur^). 

Any element g G Gl of order two is of the form g = (0, ^, U) with U"^ = 1 and 
U$, = Now we can see that (0, G C x L is fixed by g. □ 

The following lemma is a slight generalization of [121 Lemma 4.5] and [H Lemma 
13.6.5]. For later use, we will show a little stronger statement than we need in this 
section. 

Lemma 3.6. Let $ G L°°(]R) ® M^iC) be an admissible symbol and ^ = T$. // 
V G S^{t) is a normalized vector satisfying 'y{V) = ±V, then there exists a pure 
•j-invariant state (p of^{Kt) such that V*71a{X)V = (p{X)l for any X G ^{Kt). 

Proof. Throughout the proof, the symbol means either a(/) or a(/)*. Let 

/i, /2, ■ ■ ■ , /n e Kt, and X = a'^ {fi)a'^ (fi) ■ ■ ■ a"f(/„). Then for any g e K,we have 

V*MX)VMa\g)) = V*7rA{Xa\Stg))V = {-irV*7iA{a\Stg)X)V 

= {-irnA{a\g))V*7iA{X)V. 

If n is even, this shows that V*nA{X)V is in the center Z(A4a) of A4a, and so it is 
a scalar. If n if odd, the operator R^V*'ita{X)V is a scalar for the same reason, and 
on the other hand, it is an odd operator with respect to 7. Thus V*71a{X)V = 0, 
which shows that there exists a 7-invariant state ip such that V*'n'A{X)V = (f{X)l 
for all X G "iiiKt). 

It only remains to show that is pure. Recall that the twisted representation vr^ is 
defined by 7r^(a(/)) = i7iA{a{f))R^, and Ma n af{MA)' = 7r^(2t(fs:t))"- We denote 
by 71 the irreducible representation of ^{Kt) on given by vr(X) = (j(7r^(X)) on 
Sq,(t), where cr(Y) denotes the left multiplication of Y. Then the pure state of ^{Kf) 
given hj X {7t{X)V,V) = V*tt'^^{X)V coincides with because both ip and this 
state are 7-invariant, and tta and tt^ coincide on the even part of '^^{Kt). □ 
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Proof of (a) =^ {Hi) in Theorem \3.2[ Let $ G L°°(M)(8>Mjv(C) be an admissible sym- 
bol, and let A = T$. Assume that a* is spatial. Then Lemma [3.51 shows that there 
exists a normalized unit V = {Vt}t>o satisfying ■yiVt) = Vt for all t. Let if be the state 
of defined by Lp{X) = {iiAiXWiQA, ViQa) for X e and let B G B{Ki) 

the covariance operator for ip. Then Lemma [3^ shows that V*7r A{a,{f))Vt = for any 
/ G Kt. We claim that there exists a positive contraction Q G L°°{{0, 1)) ® Mjv(C) 
such that B is the multiplication operator of Q. To prove the claim, it suffices to 
show that B commutes with Pt for all < t < 1. Indeed, if f ^ Kt and g G -^(t.i), 
then 

V*nAiaif)a{gy)Vi = V,%V;7CAia{f))VtnAia{S:gy)Vi.t = 0. 
Thus we get P(^t,i)BPt = 0, and the claim is shown. 

Note that ip is quasi-equivalent to up^^APi- We claim that 5 is a projection. Let 
K{Ki) be the set of compact operators of Ki, and let q : B{Ki) B{Ki)/K{Ki) be 
the quotient map. Then thanks to Lemma [2.121 (11). we have q{PiAPi) = q{B). Since 
^PiAPi is a type I state, we have q^PiAPi^ = q{PiAPi), and so B — B"^ is a compact 
operator. This is possible only if Q{x) is a projection for almost every x G (0, 1), and 
so i? is a projection. 

Since i? is a projection. Lemma [2.121 (1) implies ip = ojb- Since ojp^ap^ and ojb are 
quasi-equivalent. Theorem l2.9K v) implies 

||C$(Pi - 5)|||.s. + ||Ci_$5||^.g. = tr ((Pi - P)C$(Pi - P) + PCi_$P) < oo. 

A similar computation as in [4, Proposition 13.4.1] shows that the left-hand side is 

Y f j ^m{p) - Q{^)?)dpdx. 

Thus the integral 

/ tr(|$(p)-Q(x)nrfp 
is finite for almost every x G (0, 1), and the proof is finished. □ 

Example 3.7. Let 9{p) be a real smooth function satisfying 6{—p) = 0{p) for all 
p G M and 9{p) = log(log|p|) (or 9{p) = log" \p\ with < a < 1/2) for large \p\. 
Then $ associated with 6 in Example 12.191 is an admissible symbol without having 
limit at infinity. While Theorem 13.11 does not apply to such $, now we know from 
Theorem 13.21 that the Toeplitz CAR fiow a* is of type III. 

4. Type I factorizations associated with Toeplitz CAR flows 

Thanks to Theorem l3.2[ we have a complete understanding of spatial Toeplitz CAR 
fiows now. The purpose of this section is to calculate the invariant we introduced in 
Subsection 12.21 in the case of type III Toeplitz CAR fiows. 

Theorem 4.1. Let $ G L°°(R) (g) Mn{C) be an admissible symbol, and let {a„}^Q 
be a strictly increasing sequence of non-negative numbers such that oq = and it 
converges to a finite number a. Let J.„ = (a^, a„+i) and O = IJJ^o -^2n- 
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(i) If 

oo 

H.S. < 

n=0 

then {At{In)}n=i a CABATIF. 

(ii) a CABATIF, then ||(1^ - Po)C4,Po ||?i.s. < oo. 

We prepare a few facts used in the proof of (i) first. 
Lemma 4.2. Let H be a Hilbert space, and let P,Q E B{H) be projections. Then 

11(1 -p)gp||H.s. = 11(1- QWIIh.s.. 

Proof. There is a decomposition of H into closed subspaces (each subspace could 
possibly be {0}) 

such that the two projections are expressed as 

P = 1h,®1h,®0®(^^^* ) ® 0' 

(C^ OS \ 
as J® °' 

where c and s are non-singular positive contractions satisfying + = Ih^ (see [151 
p.308]). Then we have 

ii(i-m^'&s, = ii( ° ) £s, = 



,3, _,2,2 ; iiH.s.-tr(2cV + cV + cV) 



C S OS \ II 2 

— C'^S — C^S^ J 

tr (cV(c2 + 5^)2) =tr(cV). 



□ 



Lemma 4.3. Let t/ie notation be as in Theorem 4-P and let A = T$. We set 

oo 

B = Y, Pln^Pln + ^(a,oo)^P(a,oo). 
n=0 

Then the following conditions are equivalent: 



(i) The assumption of Theorem 4_:J_,(i) holds. 

(ii) The quasi- free state ub is of type I. 

(iii) The two quasi-free states uja and ujb are quasi- equivalent. 
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Proof. Theorem l2.9K iii) and Lemma [2.20K iii) imply that (i) and (ii) are equivalent. 
We show the equivalence of (i) and (iii). We set /_i = (a, oo). Since uja is of type I, 
Lemma [2.101 shows that ua and ujb are quasi-equivalent if and only if the following 
quantity is finite: 

tr {A{1k - B)A + {Ik - A)B{1k - A)) 

oo 

= tr (^P+C^Pj„Ci-^Pi^C,i>Pj^. + P+Ci_$Pf„C$P/„Ci_<i,P+) 

n=-l 

oo 

= (l|C'l-*-P/nC'*-P+llH.S. + \\C'l>PlnCl~<S>P+\\H.S.)- 



n=-l 

Note that since 



J2 (||Ci„*P,„C^(l^ - P+)||L. + ||C*P/„Ci_^(l^ - P+)||L.) 
1=-1 

oo 

< ^ tr ((1^ - P+)C^P,„C*(1^ - P+) + (1^ - P+)Ci_$P,„Ci_*(l^ - P+)) 



n=-l 

|2 



= ||P+C<,(1^ - P+)||^.s. + \\P+C,MIk - P+m.s. 
= 2||P+C<,(l^.-P+)||^.s. <oo, 

the above quantity is finite if and only if 

oo 

||Ci_$P/„C$||h.s. < OO- 

n=-l 



Thanks to Lemma 14.21 this is equivalent to 

oo 

||(l^-P,JC^P,J|^.s.<oo. 

n=-l 

Since ||(1^ — P/_i)C'$P/_J|^ g < oo, we conclude that (i) is equivalent to (iii). □ 
Proof of Theorem\4.1\(i). Assume that the assumption of Theorem I4.1l (i) holds. It 



suffices to show that for any strictly increasing sequence of non-negative integers 
{^m}m=0' '^'^^ Neumann algebra A^^E) := Vm=o (-^"m) is a type I factor, where 
E = IJm=o-^"m- Note that Aa{E) is always a factor (see P Remark 8.2]). We may 
assume Uq = without loss of generality. Identifying B{S'^{a)) with na*(A^A)', 
we see that it suffices to show the factor 

oo 

V < J-Ma n <^^,_JA^^)') 

m=0 

is of type I. Recall that we have Ma n af (A^^)' = 7r^(2l(irt))", where 7r^(a(/)) = 
inA{ci{f))R^. Since 
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we get 

< J^^ n J-Ma)') = {n\iaif))Rl^^,Rl^yAaim f e Kj^J". 

Thanks to Lemma [2.1 11 (ii). it suffices to show that the factor 

oo 
m=0 

is of type I. 
Let 

m 

k=0 

and let Jm = |jr=i('^"fc-i+i' '^^J- Since 

m— 1 
fc=0 

and 

Ri^ e {7r^(a(/))i?^^^, Rl^^n^iaif))*; f G Kj,J", 

we can show 

m 
k=0 

by induction, where we use the convention R^^ = 1. Thus to prove the statement, 
it suffices to show that the factor 

oo 

V {Ma{f))Ri,^,Ri,^Ma{f)r- f G Kj^J" 

is of type L 

Let B be as in Lemma I4.3[ Since tta and ttb are quasi-equivalent, there exists 
an isomorphism 9 from Ma onto A4b satisfying O^nA^f)) = 9{7iB{a{f))) for any 
f E K. Since 9 preserves the grading, we may assume 9{R^J = R^^ for any interval 
/ C (0, oo). Thus to prove the statement, it suffices to show that the factor 

oo 

is of type I. 

Since Jm is disjoint from E, the self-adjoint unitary R^ commutes with any 
7r_B(a(/)) with / G Ke- Thus Af is generated by the factor representation vr of 
^{Ke) determined by 7r(a(/)) = 7rB{ci{f))Rj for / G Kj^^. Let oj be the state 
of "^{Ke) defined by uj{X) := (7r(X)fiB, fi^) for X G 2t(Ks). Since tt is a factor 
representation, the GNS representation of u is quasi-equivalent to vr. 
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We claim that u) coincides with ojpj^bpe- Let Xj G 2t(-ft'/„.), i = 0, 1, ■ ■ ■ , m be of 
the form 

X, = at(/>t(/^)...at(/^), 

with /j G -f^7„., where a^{f) means either a(/) or a{f)*. Then we have 7r(Xj) = 
'KB{Xi)R^ and 

U;(XiX2 ■ ■ -Xm) = {'Kb{XiX2 ■ ■ ■ Xm)YQB,^B) 

where Y is an element in the even part of itb{'^{K-^))" . Since B commutes with 
Pj^ for any n, if one of li,l2, - ■ ■ Jm is odd, then approximating Y by polynomials of 
775(0"!' (/)) with / G K^, we see that the right-hand side is (consider the contributing 
2-point functions). When h,l2,' ' ' Jm are all even, we have 

Uj{XiX2 ■ ■ ■ Xm) = {iTb{XiX2 ■ ■ ■ Xm)^B, ^b) = ^jJb{XiX2 ■ ■ ■ X^), 

which shows u = ojpj^bPe- Thus to prove the statement, it suffices to show that 
^PeBPe is of type I. 

Since Pe commutes with B, we get 

tr {PeBPe - {PeBPe?) = tr {Pe{B - B^)) < ti{B - B^). 
Now the statement follows from Theorem I2.9l (iii) and Lemma [4.31 □ 



We proceed to the proof of Theorem l4.lK ii). 

Lemma 4.4. Let Ln, n = 0,1, be Hilbert spaces, and let L = Assume 
that (f is a -invariant state of 2t(L) satisfying the following two conditions: 

(i) For any natural number n and Xj G 2t(Li), i = 0,1, ■ ■ ■ ,n, 

(^(XiX2 ■ ■ ■ X„) = ^(Xi)v9(X2) ■ ■ ■ <^(X„). 

(ii) The restriction of if to 2t(L„) is a pure state for any n. 

Then (p is a pure state. 

Proof Let (iJ„, 7r„, n„) be the GNS triple of y?„, and let H = (g)^^^ (Wh^ be the 
ITPS of the Hilbert spaces {-ffnj^Q with respect to the reference vectors {f2n}^Q. 
We set Q = <S)'^=o^n- Since ipn is a 7-invariant state of 2l(L„), there exists a self- 
adjoint unitary i?„ G B{Hn) satisfying i?„7r„(X)f2„ = 7r„(7(X)) for all X G 2t(L„). 
We introduce a representation vr of 2t(L) on H by setting 7r(a(/)) for / G L„ as 

''^''^^>> \ Rg®Ri®---® Rn-i ® vr„(a(/)) ® 1®- n > • 

Then vr is irreducible, and the pure state ip of 2l(L) defined by ipiX) = {it{X)Q,Q) 
satisfies the two conditions (i) and (ii). Moreover, the restriction of ip to 2t(L„) 
coincides with ip^. Since {v^nj^o the condition (i) uniquely determine ip, we 
conclude that p = and it is a pure state. □ 
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Lemma 4.5. If the assumption of Theorem 4-1 
vectors V G Vn G £^<i,(a„+i — a„), and W, 

that V is factorized as V = V0V1V2 ■ ■ ■ VnWj 
any non-negative integer n. 



(a) holds, then there exist normalized 
G £^$(a — ttn+i), n = 0, 1, 2, ■ ■ ■ , such 
and 7(K) = ±Vn, j{Wn) = ±Wn for 



Proof. Assume that {-4.*(/„)}^q is a CABATIF. Then thanks to Theorem 12. 7[ there 
exists a sequence of Hilbert spaces with normahzed vectors {(-ff„, ^n)}^o ^^"^ unitary 
U from ITPS H := <S)n=o^^"Hn onto £^{a) such that UMnU* = ^*(/„), where 

For X G A4a n q;*(A^a)', we denote by cr{X) G B{£^{a)) the corresponding left 
muhiphcation operator. We claim that for any < t < a, there exists et G {1, — 1} 
such that 7(X) = etcr{R^jX for any X G £'^{t). Indeed, let et be the constant 
determined by af{R'^) = etRx^R^. Then 

7(X) = R^XR^* = R^at{R^yX = etR^X, 
which shows the claim. 

The claim (or Lemma 12.111) implies that for any X G Ma H a;*(A^yi)' we have 
R^^XR^^ = 7(X). Thus a{R^J is a self-adjoint unitary satisfying 

^{RiMt{inMRij = At{in). 

For the same reason, the operator criR^j ) is a self-adjoint unitary in ^*(J„) satis- 
fying 

(4.1) a{RijXa{Rij = aiRijXa{Rij*, VX G (/„). 

Applying Lemma [2781 to the self-adjoint unitary R = U*a{R^jU G B{H), we get 
a product vector rj = (^^]^?7ri G if and self-adjoint unitaries Rn G B{Hn) satisfying 
the three conditions in the conclusion of Lemma [2.81 We may assume \\rin\\ = 1 by 
normalizing each rjn. We set V := Urj. Then we have •yiV) = eaCr^R^jy = 

Let e„ G A4n be the minimal projection satisfying e^r^ = 77 for all n, and set 
/„ = UcnU*, which is a minimal projection of (/„,). Then we have fnV = V for 
all n. For each n, we can choose a normalized vector Vn G £^<j)(a„,+i — a„) so that 
for any X G £^#(an) and Y G £$(a — a„+i) we have fn{XVnY) = XVnY. Since 
the self-adjoint unitary Upn{Rn)U* G ^*(/„) satisfies the same equation as (14.11) in 
place of a{Rf^^ ), we have either Upn{Rn)U* = a{R^^ ) or URnU* = -a{R^^ ). 
Thus pn{Rn)enpn{Rn)* = 6^ implies a{R^^Jfn(T{R^^J* = /„. Since /„ is a minimal 
projection of A'^{In) and (y{Rj^^ ) G ^*(/„) is a self-adjoint unitary, this shows that 
XVnY is an eigenvector of criRK, ) and Rj>^ XVnY = ±XVnY. On the other hand, 
since af (R^ „ ) = ±Rf and 

i?^^^XV;r = X{al-\Ri)Vn)Y, 
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we see that Vn is an eigenvector of cr(-Ra„_^i_a„)- Thus we get 7(Ki) = ±Vn- Letting 
Wn = {V1V2 ■ ■ ■ Vn)*V, we finish the proof. " □ 



Proof of Theorem\4l\(ii). Since ||(l/f-Po)C$Po||H.s. = [PoAPq- {PoAPof) , it 



suffices to show that the restriction of vr^ to '^{Kq) is a type I representation thanks 
to Theorem I2.9( ii) . (iii) . 

Let Ln = -ft'a2„+i-a2„) cind let L = ^'^^qL^. We denote by vr the representation of 
on Ha determined by 



7r(a(/)) = TiAiaiSa^^f)) = a* j7rA(a(/))), / G 

Since 7r(2l(L)) = tta{^{Ko)), it suffices to show that vr is a type I representation. Let 
V, Vn, and Wn be the normahzed vectors obtained in Lemma 14.51 We set ip{X) = 
{7!'{X)VflA, V^a) for X G Then y9 is a state of whose GNS representation 

is quasi-equivalent to vr. We show that ip is pure using Lemma HiH 

Lemma [3^ shows that there exists a 7-invariant pure state ipn of 2l(L„) satisfying 
\/*7r^(X)V; = y?„(X)l for VX e 2t(L„). Let G i = 1, 2, ■ ■ ■ , n. Then 

l^*7rA(XoXi---X„)l^ 

= W^2*nV^2; ■ ■ ■ V{V*7rA{Xo)al{MXl)) ■ ■ ■ atjnAiX^WoV ■ ■ ■ V^nW^n 
= W^nVL ■ ■ ■ V^V*7iA{X^)VoV^'KA{X^) ■ ■ ■ < {lXA{Xn))V2 " " " V2nW2n 



MXo)W;nVL ■ ■ ■ V^>a(Xi) ■ ■ ■ < (7r^(X„)) \/2 ■ ■ ■ V^nW^n 
MXo)Vi{X,)W;,V;^ ■ ■ ■ r;7r^(X2) ■ ■ ■ «L_,,(vr^(Xj)r4 ■ ■ ■ V^2„W^2n 



= ■ ■ ■ = (fo{Xo)Lpi{Xi) ■ ■ ■ (fniXn). 

Thus Lemma 14.41 shows that (p is a pure state, and in consequence, vr is a type I 
representation. □ 

In order to apply Theorem 14.11 to concrete examples, we state the assumptions of 
Theorem 14. II in terms of the regular part $0 of the Fourier transform 



Lemma 4.6. Let the notation be as in Theorem ^.i, Assume that $ is an even 
function. Then 



(i) The assumption of Theorem \4-l\ (i) holds if and only if 

00 

min{x, tr(|<l>o(x)|^)(ix < 00. 

n=0 

(ii) The assumption of Theorem 4-i\ (ii) holds if and only if 

|0 e (O + x)\tT{\^o{x)\'^)dx < 00, 







where O Q {O + x) is the symmetric difference of O and O translated by x. 
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Proof, (i) The statement follows from \ + ^))| = min{|t|, \In\} and Lemma 
E2ni(ii). 

(ii) We set J_i := (—00, 0), Jo := (a, 00), and J„ = hn-i for n G N. Then 

00 00 

m=—l n=0 

The statement follows from this and Lemma [2.20[ (ii). □ 

Lemma implies -PB)C*$P£;||^ g = ||Ci_$P£;C$||^.s.- Thus by using Fourier 

transform, we can also get the following criteria, though we do not use them in this 
paper. 

Lemma 4.7. Let the notation be as in Theorem 4jJ_ Then 
(i) The assumption of Theorem \4.1\ (i) holds if and only if 



(ii) The assumption of Theorem 4^.1,(ii) holds if and only if 
tr(|$(p) - $(g)nixo(p - q)\^dpdq < 00. 

5. Examples 

Applying Theorem 14.11 to concrete sequences, we get the following theorem, which 
provides us with a computable invariant for type III Toeplitz CAR flows. 

Theorem 5.1. Let $ G L°°(]R) ® M^iC) he an admissible symbol satisfying ^{p) = 
for all p eR, and let < jj, < 1. We set ao = 0, 



n ^ 



k=l 

and a = lim^^oo o-n- Then the following three conditions are equivalent: 
(1) The type I factorization {^*(a„, a„+i)}^o ^■^ 0, CABATIF. 
(2) 

°° ''°°tr(|$(p)-<l>(g)|2) 

^L^f-L — ' dpdq < 00. 



^0 



(3) 

I ti{\^Q{x)\^)dx < 00. 
Jo 

Moreover, 
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(i) If{At{an,an+i)}^=o « CABATIF, then 

/ tr(|<l>(2p)-$(p)|2)^<oo. 
Jo P 

(ii) //$ is differentiable and 



then {^*(a„,a„+i)}^=o «s a CABATIF. 

Proof. The statement follows from Lemma 12. 14^ Lemma 14.61 and Lemma 15.21 below 
applied to h{x) = x^~^. □ 

The following lemma is more or less [9l Lemma 8.6]. 

Lemma 5.2. Let h{x) be a non-negative strictly decreasing continuous function on 
(0, oo) satisfying lima;.^+o ^(2^) = oO; linix^oo h{x) = 0, and 

>i 

h{x)dx < 00. 



We set ao = 0, 

n 

an = ^h~'^{k), n G N, 

k=l 

In = (onjfln+i)) <ind O = IJ-^o-^2n- Then the sequence {a„},^g converges, and 
a;(/i(a;) - 1) < |0 e (0 + a;)| < 2 Vmin{x, 141} < 2 /" h{t)dt, Wx > 0. 

Proof. Note that we have 

°o /./i-l(n+l) 

^ h-^{k)< i h{t)dt-nh~\n + l), 

k=n+i "^0 

and in particular, the sequence {a„}^Q converges. Since min{x, |J„|} = |/„\(/„±x)|, 
the middle inequality follows from the definition of O. 

For fixed x > 0, we take the unique non-negative integer n satisfying h~^{n+ 1) < 
X < h^^{n) (or equivalently, n < h{x) < n + 1). Then 

00 n — 1 00 00 

min{x, |/fc|} = X + \Ik\ = nx + h^^{k + 1) 

fe=0 A;=0 fc=n fe=n 

< / h{t)dt + n{x -h-^{n + l)) 







< /" h{t)dt. 
Jo 
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When n is even, counting only contribution from {l2k}k=Q , we get 

\{U + x)\U\>-x. 

In a similar way, we get 

\U\iU + x)\>-x, 

and so 

\U e {U + x)\ > nx > {h{x) - l)x. 

When n is odd, we have \ {U + x)\U\ > ^^x and \U \ {U + x)\ > -^^x in a similar 
way, which shows \U Q [U + x)\ > xh{x). □ 

Now we apply Theorem 15.11 to concrete examples. 

Theorem 5.3. For > 0, let 9^{p) = (1 + p'^y , and let 

If I ^idAp) \ 
^AV) = 2 [ 1 ) ■ 

Then $y is admissible. Let := a*" he the corresponding Toeplitz CAR flow. 

(i) If u > 1/4, then is of type I2. 

(ii) //O < z/ < 1/4, then a" is of type III. 

(iii) If < Ui < 1/2 < 1/4:, then a^^ and a^'^ are not cocycle conjugate. 

Proof. The fact that is admissible follows from Theorem I2.15l (ii). (i) and (ii) 
follow from Theorem 13.21 To show (iii), we choose fi in the interval (1 — 4z/2, 1 — 4z/i), 
which satisfies < ;U < 1. Applying Theorem I5.1l (i).(ii) to this /i and $ = 

z = 1,2, we see that {Aa''^{an,cin+i)}'^=o is a CABATIF, while {Aa"^ {cin,o,n+i)}'^=o 
is not. Therefor a'^^ and are not cocycle conjugate. □ 

Remark 5.4. Let $ be as in Example 13.71 and let /i and {a„}^o be as in Theorem 
15. 1[ Then Theorem 15. 11 (i) implies that {^*(a„, a„_,_i)}^Q is not a CABATIF for any 
< II < 1. This shows that a* is not cocycle conjugate to a'^ for any u. 
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